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Abstract. We study the thermodynamic entropy as a Noether invariant in
a stochastic process. Following the Onsager theory, we consider the Langevin
equation for a thermodynamic variable in a thermally isolated system. By
analyzing the Martin–Siggia–Rose–Janssen–de Dominicis action of the Langevin
equation, we find that this action possesses a continuous symmetry in quasi-static
processes, which leads to the thermodynamic entropy as the Noether invariant for
the symmetry.
1. Introduction
Symmetry is one of the most important notions in modern physics. The symmetry
reveals non-trivial laws independently of the details of systems under consideration.
Well-known examples are Noether’s theorem [1], the Nambu-Goldstone theorem [2, 3,
4], and the Ward-Takahashi identity [5, 6]. Noether’s theorem ensures the existence
of a conservation law from a continuous symmetry. The Nambu-Goldstone theorem
shows the appearance of gapless modes associated with a spontaneous breaking of a
continuous symmetry [2, 3, 4, 7, 8, 9, 10]. The Ward-Takahashi identity provides a
relation among correlation functions from a symmetry.
If one assumes the converse of Noether’s theorem, the existence of a conserved
quantity may suggest the existence of a continuous symmetry. From this viewpoint,
the thermodynamic entropy, which is a conserved quantity in quasi-static adiabatic
processes, can be characterized as the Noether invariant associated with a continuous
symmetry for classical Hamilton systems and quantum systems [11, 12]. According
to [11], in isolated classical many-body systems with an external control parameter,
the action possesses a non-uniform time-translation symmetry
t→ t+ ηh¯β (1)
for a class of phase-space trajectories that correspond to thermodynamic processes,
where η is an infinitesimal parameter, h¯ is the Planck constant, and β is the inverse
temperature that depends on a phase space point through the statistical mechanical
formula. For isolated quantum many body systems with an external step protocol
parameter, the effective action in a thermodynamic state space was derived under
some physically reasonable assumptions [12]. This action possesses a symmetry for a
uniform translation of the canonical conjugate variable of the entropy.
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Here, because Langevin equations may be derived by a coarse graining method
for the microscopic dynamics [13], a natural question arises: Can the entropy of
a stochastic process be obtained as a Noether invariant. In this study, we find a
symmetry by which the entropy is characterized as a Noether invariant of the Langevin
equation that describes a stochastic process of a thermodynamic variable in thermally
isolated systems. Fig. 1 illustrates our motivation.
Figure 1: Illustration of the relation among
symmetry, thermodynamic entropy and
coarse graining.
Figure 2: Particles in a container enclosed by
thermally isolated walls. One side is a
movable wall under pressure pex(t). We
externally control the pressure as a function
of time: pex(0) → pex(tf ).
Recall that the fluctuation-dissipation theorems are understood from the time
reversal symmetry [14, 15, 16, 17, 18, 19]. Similarly, the entropy conservation in
quasi-static processes, which is known as the adiabatic theorem, was derived from
the Hamiltonian mechanics with the reversal symmetry [20, 21, 22, 23]. In this
study, we prove the adiabatic theorem in a stochastic system using a fluctuation
theorem similar to the Jarzynski equality [24], closely related to the time reversal
symmetry. Nevertheless, the entropy cannot be described as a Noether invariant from
the time reversal symmetry because it is discrete. Therefore, in this study, we explore a
continuous symmetry that leads to such conservation as a result of Noether’s theorem.
As a simple example, we specifically study particles in a container enclosed by
thermally isolated walls. One wall is movable and externally controlled by a time-
dependent pressure pex(t), as shown in Fig. 2. According to thermodynamics, the
total entropy in this system is conserved when the pressure pex(t) changes in the
quasi-static manner. For this system, we can describe stochastic processes of the
volume by a Langevin equation. Even in this stochastic description, the total entropy
is conserved in the quasi-static processes. We thus formulate a symmetry property of
this stochastic system.
Technically, we derive the symmetry by employing a path integral representation,
known as Martin–Siggia–Rose-Janssen–de Dominicis (MSRJD) formalism [25, 26, 27,
28], to the Langevin equation. The MSRJD formalism has the similar structure as
the path integral formulation of quantum dynamics, and the theoretical arguments
for the symmetry in quantum dynamics have been developed [29]. Thus, we can use
techniques in the MSRJD formalism to discuss the symmetry property, as was done
in [10, 30, 31].
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The remainder of this paper is organized as follows. In Sec. 2, we explain
our setup and provide the stochastic description of the system in question. Then,
we derive a fluctuation theorem for our model. Using the obtained equality, we
show that the entropy is conserved in the quasi-static processes. Additionally, we
provide the MSRJD formalism of the Langevin equation. In Sec. 3, we first map the
MSRJD formalism to Hamilton mechanics. Through the study of a Poisson bracket
relation, we identify the entropy as a generator that yields a transformation. Then, we
investigate whether an action in the path integral representation is symmetric under
such transformation or not. In Sec. 4, we derive the Ward-Takahashi identity from the
transformation generated by the entropy, and find that the symmetry breaking terms
lead to a fluctuation-response relation at equal time. We also derive a thermodynamic
uncertainty relation as a result of the identity. Sec. 5 concludes the paper.
Note that, throughout this paper, we set the Boltzmann constant to be unity.
2. Setup
2.1. Model
We consider N particles in a container enclosed by thermally isolated walls. One side
is a movable wall under pressure pex, as shown in Fig. 2. We first consider the case
where pex is constant. Let E and V be the internal energy of the particles and the
volume of the container, while S(E, V ) denotes the entropy function for this system.
In this case, E and V fluctuate while satisfying the energy conservation
E + pexV = Etot = const, (2)
where Etot corresponds to the enthalpy.
According to equilibrium thermodynamics, the probability density of V is given
by
Peq(V ;Etot, pex) = exp [S(Etot − pexV, V )− S∗(Etot, pex)] , (3)
where S∗(Etot, pex) is determined from the normalization of the probability. This is
estimated as
S∗(Etot, pex) = max
V
S(Etot − pexV, V ) + o(N) (4)
through the saddle point calculation. S∗ is the thermodynamic entropy as a function
of the enthalpy Etot and the pressure pex. Following the standard thermodynamics
notation, S∗(Etot, pex) is also written as S(Etot, pex); however we do not use
S(Etot, pex) to distinguish it from S(E, V ). From the Onsager theory, the time
evolution of fluctuating V is written as
dV
dt
= L
dS(Etot − pexV, V )
dV
+
√
2Lξ, (5)
where L is the Onsager coefficient and ξ is the Gaussian-white noise satisfying
〈ξ(t)ξ(t′)〉 = δ(t− t′). (6)
The stationary probability density of V is equal to (3).
Now, we consider the case where pex depends on time t. The system is then
described by (5) and
dEtot
dt
= V
dpex
dt
, (7)
where the initial value Etot(0) is assumed.
Thermodynamic entropy as a Noether invariant in a Langevin equation 4
2.2. Fluctuation theorem
For the considered model, we derive a fluctuation theorem and confirm the second law
of thermodynamics. Let Vˆ = (V (t))
t=tf
t=0 and pˆex = (pex(t))
t=tf
t=0 . Then, for the fixed
V (0), Etot(0), and pˆex, the probability density of trajectories is given by
P(Vˆ |V (0), Etot(0), pˆex) = N exp
{
−
∫ tf
0
dt
[
1
4L
(
dV
dt
− LdS(Etot − pexV, V )
dV
)2
+
1
2
d2S(Etot − pexV, V )
dV 2
]}
, (8)
where N is the normalization constant. Next, for given Vˆ , pˆex and E(0), we
define the time-reversed trajectory V †(t) ≡ V (tf − t), the time reversed protocol
p†ex(t) ≡ pex(tf − t), and
E†(0) ≡ E(0) +
∫ tf
0
dtV (t)
dpex(t)
dt
. (9)
Then, we have
P(Vˆ †|V †(0), E†tot(0), pˆ†ex)
P(Vˆ |V (0), Etot(0), pˆex)
= exp
(
−
∫ tf
0
dt
dV
dt
dS(Etot − pexV, V )
dV
)
. (10)
Here,
dS(Etot − pexV, V )
dt
=
dV
dt
dS(Etot − pexV, V )
dV
+
∂S(Etot − pexV, V )
∂Etot
[
dEtot
dt
− dpex
dt
V
]
=
dV
dt
dS(Etot − pexV, V )
dV
(11)
holds according to (7). By substituting (11) into (10), we obtain
P(Vˆ †|V †(0), E†tot(0), pˆ†ex)
P(Vˆ |V (0), Etot(0), pˆex)
= exp
[
S(Etot − V (0)pex(0), V )− S(E†tot(0)− V †(0)p†ex(0), V †(0))
]
.(12)
This can be rewritten using (3) as
P(Vˆ †|V †(0), E†tot(0), pˆ†ex)Peq(V †(0);E†tot(0), p†ex(0))
P(Vˆ |V (0), Etot(0), pˆex)Peq(V (0);Etot(0), pex(0))
= exp [− (S∗(Etot(0), pex(0))− S∗(Etot(0), pex(0)))] , (13)
Because the expectation of A(Vˆ ) for any function of Vˆ is written as
〈A〉 ≡
∫
DVˆ P(Vˆ |V (0), Etot(0), pˆex)Peq(V (0);Etot(0), pex(0))A(Vˆ ), (14)
we obtain
〈exp [− (S∗(Etot(tf ), pex(tf ))− S∗(Etot(0), pex(0)))]〉 = 1. (15)
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This is in the same form as the integral fluctuation theorem [32], while its mathematical
structure is basically equivalent to the Jarzynski equality [24].
Because S∗(Etot(0), pex(0)) is independent of Vˆ , we also have
〈exp [−S∗(Etot(tf ), pex(tf ))]〉 = exp [−S∗(Etot(0), pex(0))] . (16)
From e−x ≥ 1− x for any real number x, we find
〈S∗(Etot(tf ), pex(tf ))〉 ≥ S∗(Etot(0), pex(0)), (17)
which is the second law of thermodynamics.
2.3. Quasi-static processes
When the time scale of change in pex(t) is much longer than that of the relaxation
time of thermodynamic quantities in the system, such an operation is called quasi-
static operation. Explicitly, we assume that the relaxation time is one by appropriate
dimensionless forms, and we introduce a small parameter ǫ by which we can express
the protocol pex(t), 0 ≤ t ≤ tf , as
pex(t) = p¯ex(ǫt), (18)
tf =
τf
ǫ
, (19)
where the functional form of p¯ex and τf are independent of ǫ.
Next, we take ∆ such that 1≪ ∆≪ ǫ−1 and define
V¯n ≡ 1
∆
∫ (n+1)∆
n∆
dtV (t), (20)
to express
Etot(tf )− Etot(0) =
∫ tf
0
dtV (t)
d
dt
p¯ex(ǫt),
=
∑
n
ǫ∆V¯np¯
′
ex(τn) +O((ǫ∆)
2),
=
∫ τf
0
dτV¯ (τ)p¯′ex(τ), (21)
where τn = n∆ǫ and V¯ (τn) ≡ V¯n. By applying the law of large numbers to (20),
we conclude that the fluctuations of V¯ (τ) tend to zero in the limit ∆ ≫ 1, and,
consequently, Etot(tf ) − Etot(0) takes a typical value with high probability in the
quasi-static limit. Therefore, (16) leads to the entropy conservation:
S∗(Etot(tf ), pex(tf )) = S∗(Etot(0), pex(0)). (22)
2.4. MSRJD formalism
By introducing an auxiliary variable π, we can express (8) as
P(Vˆ |V (0), Etot(0), pˆex)
= N ′
∫
Dπ exp
{
−
∫ tf
0
dtL
[
π +
i
2L
(
dV
dt
− LdS(Etot − pexV, V )
dV
)]2}
exp
{
−
∫ tf
0
dt
[
1
4L
(
dV
dt
− LdS(Etot − pexV, V )
dV
)2
+
1
2
d2S(Etot − pexV, V )
dV 2
]}
, (23)
Thermodynamic entropy as a Noether invariant in a Langevin equation 6
which is further rewritten as
P(Vˆ |V (0), Etot(0), pˆex) = N ′
∫
Dπ exp [IMSR] , (24)
where
IMSR[V, π] =
∫ tf
0
dt
[
−iπ
(
dV
dt
− LdS(Etot − pexV, V )
dV
)
− Lπ2
− 1
2
d2S(Etot − pexV, V )
dV 2
]
. (25)
For any observable O that is a function of Vˆ , the expectation of O is expressed
as
〈O〉 ≡
∫
DπDV exp[IMSR]O, (26)
where the normalization constant is absorbed into the integral measure to satisfy
〈1〉 = 1. The path integral representation (26) is called the MSRJD formalism.
In order to see a physical interpretation of the auxiliary variable π, we add a
perturbation fp(t) to the right-hand side of (5) and consider the expectation of a
quantity A(t′) at time t′ denoted by 〈A(t′)〉fp(t). For an infinitely small fp(t), we
define the response function RA(t
′, t) as
〈A(t′)〉fp(t) − 〈A(t′)〉 =
∫ t′
0
dtRA(t
′, t)fp(t). (27)
By using (26), we obtain
RA(t
′, t) = 〈A(t′)iπ(t)〉 (28)
for t′ ≥ t. From this expression, one may call π the “response variable”. Furthermore,
from (23), we also derive
〈A(t′)iπ(t)〉 = 1
2L
〈
A(t′)
(
dV
dt
− LdS(Etot − pexV, V )
dV
)〉
. (29)
3. Symmetry
To explore a symmetry property, we map the MSRJD formalism to Hamilton
mechanics by setting p = iπ and q = V in (25). We have
IMSR = −
∫ tf
0
dt
[
p
dq
dt
−H(p, q)
]
(30)
with
H(p, q) = Lp2 + Lp
dS
dq
− 1
2
d2S
dq2
. (31)
For a more detailed discussion on mapping, see [10, 33]. Next, we consider the
Hamiltonian system with H(q, p). From the Poisson bracket
{q, p}PB = 1, (32)
{q, q}PB = {p, p}PB = 0, (33)
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we obtain
{S, p}PB = dS
dq
, (34)
{S, q}PB = 0. (35)
Therefore, S is interpreted as the generator of the following transformation:
q → q, (36)
p→ p+ η dS
dq
, (37)
where η is a dimensionless infinitesimal transformation parameter. Note here that the
transformation is defined for the system irrespective of symmetry.
Here, we consider the variation of the MSRJD action (25) for the transformation
(36) and (37), which is calculated as
δIMSR = − η
∫ tf
0
dt
[
dq
dt
dS
dq
− L
(
dS
dq
)2
− 2LpdS
dq
]
(38)
= − η
∫ tf
0
dt
[
dS
dt
− L
(
dS
dq
)2
− 2LpdS
dq
]
, (39)
where we have used
dS
dt
=
dq
dt
dS
dq
. (40)
We focus on restricted trajectories near equilibrium, i.e., the trajectories that satisfy
dS
dq
= O(ǫ), (41)
p = O(ǫ). (42)
For such restricted trajectories near the equilibrium, we find
δIMSR = −η
∫ tf
0
dt
[
dS
dt
+O(ǫ2)
]
. (43)
Because δIMSR is written as the time integration of the total derivative of a function,
we identify the symmetry for the transformation given by (36) and (37). Based on
Noether’s theorem that we review below, we can claim that S is the Noether invariant
for the system we study.
Now, we derive Noether’s theorem for the action of the form
IMSR[p, q] = −
∫ tf
0
dt
[
p
dq
dt
−H(p, q)
]
, (44)
For a general transformation
p→ p+ ηδp, (45)
q → q + ηδq, (46)
the variation of the action is calculated as
δIMSR = −η
∫ tf
0
dt
[
d
dt
(
pδq
)
+ δp
(
dq
dt
− ∂H
∂p
)
− δq
(
dp
dt
+
∂H
∂q
)]
.(47)
Such an action is called symmetric when the variation δI can be written as the
time integral of the total time derivative of some quantity Ψ:
δI = −η
∫ tf
0
dt
dΨ
dt
. (48)
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Then, we have the relation∫ tf
0
dt
[
d
dt
(
pδq
)
+ δp
(
dq
dt
− ∂H
∂p
)
− δq
(
dp
dt
+
∂H
∂q
)]
=
∫ tf
0
dt
dΨ
dt
. (49)
Because the second and the third terms vanish along solution trajectories of the
Hamilton equation, we obtain that∫ tf
0
dt
[
d
dt
(
Ψ− pδq
)]
= 0 (50)
holds along the solution trajectories. Therefore, the quantity Q ≡ Ψ − pδq is the
Noether invariant.
For the transformation given by (36) and (37), the above quantities should be
read as
δq = 0, (51)
δp =
dS
dV
, (52)
Ψ = S. (53)
Therefore, the Noether invariant is the thermodynamic entropy:
Q = S. (54)
At the end of this section, we present another form of the action IS in terms of
the entropy S. Using the transformation from V to S, we obtain
IS =
∫ tf
0
dt
[
−iθ
(
dS
dt
− L
(
dS
dV
)2)
− L
(
dS
dV
)2
θ2 − 1
2
d2S
dV 2
]
, (55)
where θ = (dV/dS)π. In this representation, the transformation is given as the uniform
translation of θ:
θ → θ + iη, (56)
S → S. (57)
Therefore, for trajectories satisfying dS/dV = O(ǫ), the action (55) possesses the
symmetry for this transformation.
4. Identity
We set O = 1 in (26) and change the integral variable π as
π′(t) = π(t) + iη
dS
dV
(t). (58)
Then, we have
1 =
∫
Dπ′DV eIMSR[V,pi′],
=
∫
DπDV eIMSR[V,pi]+δIMSR , (59)
= 1 + 〈δIMSR〉. (60)
We thus obtain
〈δIMSR〉 = 0, (61)
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where δIMSR is given by (39).
Substituting (39) in (61), we obtain
〈S(tf )− S(0)〉 = L
∫ tf
0
dt
〈(
dS
dV
)2〉
+ 2L
∫ tf
0
dt
〈
iπ
dS
dV
〉
, (62)
which corresponds to the Ward-Takahashi identity in quantum field theory. Because
the right-hand side comes from the symmetry breaking terms, (62) indicates that the
increasing entropy arises from the symmetry breaking. It should also be noted that
(62) can be derived by setting A = dS/dV in (29).
Because in the quasi-static limit ǫ→ 0, 〈S(tf )−S(0)〉 = O(ǫ) holds from Noether’s
theorem, we obtain〈(
dS
dV
)2〉
+ 2
〈
iπ
dS
dV
〉
= O(ǫ2). (63)
Next, we write the equation for S as
dS
dt
= L
(
dS
dV
)2
+ L
d2S
dV 2
+
dS
dV
·
√
2Lξ, (64)
where · is the ito product. Taking the expectation, we have〈
dS
dt
〉
= L
〈(
dS
dV
)2〉
+ L
〈
d2S
dV 2
〉
. (65)
By integrating this relation over the time interval [0, tf ] and comparing the result with
(62), we obtain 〈
iπ(t)
dS
dV
〉
=
1
2
〈
d2S
dV 2
〉
. (66)
By combining (63) with (66), we have〈(
dS
dV
)2〉
+
〈
d2S
dV 2
〉
= O(ǫ2), (67)
which corresponds to the fluctuation-response relation at equal time. To conclude, the
symmetry breaking terms lead to the fluctuation-response relation in the quasi-static
limit ǫ→ 0.
For general non-quasi-static processes, from the second law of thermodynamics
(17), we find that
〈S(tf )− S(0)〉 = L
∫ tf
0
dt
〈(
dS
dV
)2〉
+ L
∫ tf
0
dt
〈
d2S
dV 2
〉
> 0. (68)
This means that the violation of the fluctuation-response relation is related to the
entropy production, which corresponds to the Harada-Sasa relation for Langevin
equations describing systems in contact with a heat bath [34, 35]. Furthermore, from
the convexity of the entropy function, we find that d2S/dV 2 < 0. By substituting this
relation, we obtain
〈S(tf )− S(0)〉 < L
∫ tf
0
dt
〈(
dS
dV
)2〉
, (69)
which represents an upper bound for the entropy production. We also have a lower
bound
L
∫ tf
0
dt
〈
d2S
dV 2
〉
< 〈S(tf )− S(0)〉. (70)
These inequalities may have some relevance to the trade-off relations, including the
thermodynamic uncertainty relation [36, 37].
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5. Concluding remarks
Although we have studied a rather simple example, our arguments are quite general.
First, we write a Langevin equation for a complete set of slow variables in a thermally
isolated system following the Onsager theory. Then, we can analyze the Langevin
equation, similar to the specific model we studied, and obtain the basically same
result for the symmetry property.
However, one may be more familiar with Langevin equations describing stochastic
processes in systems with a heat bath. A typical and standard example of such a
system is a Brownian particle under an external control. For this case, the entropy
production becomes zero in quasi-static processes. Thus, an interesting future problem
is to formulate such property as the result of Noether’s theorem.
Next, we compare our result with those obtained in the previous studies [11, 12].
For isolated quantum many body systems with an external step protocol parameter,
the effective action possesses a symmetry for a uniform translation of the canonical
conjugate variable of the entropy [12]. The uniform transformation is rewritten as (1)
for a saddle point solution of the effective action
IQM =
∫ tf
0
dt
[
− i
h¯
E − iθS˙
]
, (71)
where E, S and θ are the energy, the entropy, and the canonical conjugate variable
to S, respectively. Although the transformation is the same as that in our result, our
transformation cannot be rewritten as the non-uniform time translation (1) that is
found in [11]. The difference comes from the fact that the energy term is absent in
(55).
As a final remark, we notice that the action of the Langevin equation is a different
concept from the one of the quantum dynamics. The action of the Langevin equation
comes from a transition probability, while the action of the quantum dynamics comes
from the time evolution of a state vector. The action for the classical mechanics
is naturally understood from the quantum mechanics. Therefore, we expect that
there exists another type of action which describes a quantum path integral in the
thermodynamic state space. Motivated by actions (55) and (71), we conjecture that
an action of such a thermodynamic path integral formulation given in [12] for our
system can be written as
I[S, S˙; pex] =
1
2
IS [S, S˙; pex]− i
h¯
∫ tf
0
dtE(S; pex), (72)
which has the same symmetry as IS for the transformation (56) and (57). This leads
to the conclusion that S is the Noether invariant. In addition, from the saddle point
δI/δS = 0, we have
dθ
dt
=
2
h¯β
+O(ǫ), (73)
where we used dS/dV = O(ǫ) in quasi-static processes. By using (73), the
transformation (56) could be rewritten as the non-uniform time translation
t→ t+ 2ηh¯β +O(ǫ). (74)
We leave the derivation of the action (72) from the thermodynamic path integral
formulation of [12] for the future work.
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